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Abstract: It is well known that prestressed concrete members exhibit stable seismic 

performance under a combined action of shear and flexure. Consequently, it is anticipated 

that the flexure and the shear capacities can be enhanced in the prestressed concrete columns 

in comparison to the standard reinforced concrete columns. In addition, residual 

displacements after an extreme earthquake may be smaller in prestressed concrete columns 

than in standard reinforced concrete columns. The restoring force remarkably decreases 

when longitudinal bars locally buckle in the standard reinforced concrete columns, while 

such a remarkable deterioration of restoring force does not occur in the prestressed columns. 

Such an improved seismic response can be realized through the employment of unbonded 

post-tensioning prestressing cast-in-place column systems. This study models unbonded 

prestressing tendons with bilinear cyclic nonlinear truss elements exhibiting only tensile 

behaviour in collaboration with nonlinear force-based fibre frame element with proper 

nonlinear cyclic constitutive laws for concrete and common steel reinforcement. 

Comparison between the numerical and experimental hysteresis of such column is indicative 

of the effectiveness of the implemented modelling. Finally, it is evident that the energy 

dissipation is smaller in the prestressed columns than the standard reinforced concrete 

columns because fewer concrete cracks dissipate less energy. 
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1. Introduction 

Prestressed concrete (PC) is a structural concept that was first introduced for overcoming 

concrete’s natural weakness in tension in the early 1940s. PC is essential in many 

applications today in order to fully utilize concrete compressive strength, and through 

proper design, to control cracking and deflection. Although design methods have been 

developed over the decades, an understanding of the ultimate mechanism in the PC system 

is still greatly needed in many aspects.  

Finite element applications of PC have been actively researched for decades since the 

pioneering work was done by Ngo and Scordelis (1967). The key to simulating the 

different types of PC systems (pre-tension, bonded, and unbonded tendons) lies in the 

modelling of the bonding condition between the concrete and tendons. Tendons in a pre-

tensioned PC member can be idealized as a perfect bonding which implies the strain 

compatibility between the tendons and surrounding concrete. On the other hand, either a 

bonded or an unbonded post-tensioned PC member requires an unbonded formulation in 

the jacking stage. Studies regarding the formulations of the bonded, partially and fully 

unbonded tendons are various and rich in the literature [Ikeda, S. (1998), Iemura et al. 

(2004), Vecchio et al. (2006), Palermo et al. (2007), Cruz-Noguez et al. (2010)]. 

In the Kobe earthquake in 1995, one-fifth of common reinforced concrete bridge piers 

whose damage was not serious needed to be reconstructed because of excessive residual 



plastic deformation. Therefore, a key technical problem that researchers and engineers are 

looking for its remedy, is the seismic performance and post-earthquake serviceability of 

buildings and bridges in earthquake-prone regions. Reinforced concrete columns’ seismic 

design based on ductility demands upon columns’ damage tends to produce large residual 

column deformation after a major earthquake event due to the formation of a plastic hinge 

[Megalooikonomou et al. (2018), Megalooikonomou (2019)].  

A method to reduce residual displacements by incorporating an unbonded prestressing 

tendon at the centre of a reinforced concrete column was introduced by Sakai et al. (2004). 

If an axially loaded vertical member is given a small lateral displacement there is a 

bending moment induced at any section by the axial load and the resulting stress 

distribution is no longer uniform. However, in PC columns, under only the load of the 

prestressing force, the pressure line is coincident with the tendon profile even if the vertical 

member is given a small lateral displacement. Thus, at any section the pressure line is still 

coincident with the tendon position and a uniform stress distribution is obtained. Therefore, 

in PC vertical members no P- δ effects are induced; the effect of the axial force on the 

internal forces in the deformed configuration can never be to increase the lateral 

deflections and so lead to buckling by the prestressing force alone. Finally, a major 

advantage of unbonded tendons is that additional tensioning of the unbonded prestressing 

tendon is allowed during the life cycle of the PC structure.  

This paper presents the development of an analytical finite element model of unbonded 

post-tensioning prestressing cast-in-place column systems and its correlation with the 

experimental study by Liu (2008).  

2. Numerical model 

To conduct the analysis of the specimens by Liu (2008) that demonstrated a flexurally 

dominant response, a computer code was developed and implemented in the MatLab 

[Mathworks (2018)] toolbox FEDEAS lab ‘Finite Elements for Design Evaluation and 

Analysis of Structures’ [Filippou and Constantinides (2004)]. The computational model 

uses the Euler-Bernoulli beam theory [Timoshenko (1953)], which considers flexural 

deformations only. 

To account for material nonlinearity the formulation calculates the flexibility matrix of the 

member by using a fibre-type analysis [Spacone et al. (1996)] and employing uniaxial 

hysteretic nonlinear material stress-strain relations for confined concrete and common steel 

reinforcement [Mander et al. (1988), Menegotto and Pinto (1973)].  The stress-strain 

relations are endowed with mathematical expressions for the envelope, for the hysteresis 

loops and for the transition from the envelope to the unloading/reloading branches [Karsan 

and Jirsa (1969)]. Work-equivalent flexibility terms are obtained by conducting numerical 

integration at pertinent sampling points along the length [Gauss-Lobatto integration, Gil et 

al. (2007)]; the member deformational stiffness is obtained by inversion of the flexibility 

matrix; the finite element model is summarized in the following Section after a short 

presentation of the employed experimental study for verification of the proposed numerical 

model. 

2.1. Experimental study from the literature 

Five specimens with a 360mm by 500mm cross-section were constructed and tested by Liu 

(2008) under cyclic lateral loading to investigate their force – displacement characteristics 

and failure modes. Among the test specimens there is a conventional reinforced concrete 



column (S1) and an unbonded post-tensioning prestressing cast-in-place column (S2) as it 

is depicted in Fig. 1. Table 1 provides the details of these two specimens. These specimens 

will be used as basis for the verification of the finite element model introduced in Section 

2.2. 

 

Table 1. Details of specimens by Liu (2008) 

Specimen 
Longitudinal 

Rebar 

Prestressing 

Tendon 

Transverse Reinforcement 

Hoops Volumetric 

Ratio 

S1 26D12 - D6@35mm 1.08% 

S2 26D10 6x7D5 D6@35mm 1.08% 

 

Fig. 1 - Test setup and cross section detail of test specimens [Liu (2008)]. 

 

The test setup is shown in Fig. 1. The lateral loading point is 1750 mm high from the top 

surface of the footing (aspect ratio is 4.86), and designed to failure in flexural modes. The 

concrete compressive design strength is 32.4MPa. The reinforcing bars with expected yield 

strength of 335 MPa are used for both longitudinal and hoop reinforcement. The 

prestressing tendons in S2 specimen consisted of six 15.2 mm (7D5 mm) diameter low-

relaxation steel prestressing strands with expected ultimate strength of 1860 MPa. The 

design axial stress given by prestressing is 3.2 MPa. A constant axial compressive force of 

576 kN was applied to the columns to simulate gravity service loads. A quasi-static cyclic 

lateral load was applied at the top of column by a servo-controlled hydraulic actuator. The 

tests were conducted in displacement control up to ±2, 3, 5, 7, 10, 15, 20, 25, 30mm…, and 

reversed cyclic loading ended when the load carrying capacity went below 85% of the 

observed peak load. 
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2.2. Finite element model 

Numerical simulations were conducted using a nonlinear fibre beam-column element (Fig. 

2a) that considers the spread of plasticity. In this type of analysis, the longitudinal beam 

element uses a force-type formulation with linear moment distribution to derive a 

flexibility matrix for the element with progressing nonlinearity (step by step); the strain-

displacement relationships are therefore defined implicitly after inversion of the flexibility 

matrix to obtain the stiffness. Assuming strain compatibility between materials comprising 

the member, the formulation samples sectional response at selected integration points 

along the length.  

 

Fig. 2 - a) Finite element model of the prestressed and standard reinforced concrete column b) Numerical 

model (detail of the fibre element of Fig. 2a) of the prestressed concrete column with unbonded post-

tensioning tendons c) Rectangular fibre section (detail of the fibre element of Fig. 2a) with corresponding 

constitutive laws for concrete layers and longitudinal common steel reinforcement layers 

At the sectional level the Bernoulli hypothesis (plane sections remaining plane and normal 

to the axis of the member) is used to relate strains in the different fibres/layers (Fig. 2c) to 

the sectional curvature and longitudinal axis normal strain. Nonlinear uniaxial material 

laws are used to relate normal stress with normal strain in the fibres, thereby neglecting the 

effect of shear in modifying the principal orientations through the height of the cross 

section. Sectional stress resultants (Moment and Axial load) are obtained from the 
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equilibrium of the contributions of fibre stress resultants [FEDEAS Lab (2004), Filippou et 

al. (2004)]. 

2.2.1. Concrete material model 

In 1988, Mander, Priestley and Park proposed a unified stress-strain approach to predict 

the preyield and postyield behavior of confined concrete members subjected to axial 

compressive stresses. The model utilizes the equation given by Popovic in 1973, originally 

developed to represent the stress-strain response of unconfined concrete. This model is 

based on a constant confining pressure fl. The axial stress of the confined concrete fc for 

any given strain εc is related to the peak confined strength fcc. The peak confined strength 

fcc is a function of the unconfined strength fc and the constant confining pressure fl. The 

strain at peak confined strength εcc is given as a function of the strain at peak unconfined 

strength of concrete εco based on the equation of Richart et al. (1928). The cyclic version of 

this uniaxial material model is depicted in Fig. 3. This concrete model is employed for the 

simulation of S1 and S2 column specimens by Liu (2008).  

 

Fig. 3 - Cyclic uniaxial material model by Mander et al. (1988). 

2.2.2. Common steel reinforcement material model 

Menegotto and Pinto (1973) steel stress-strain relation gives a very good representation of 

the steel material response. It is particularly important for the computational economy of 

analysis of frame structures that the model expresses stress directly as a function of strain. 

The limitation of the model lies in its inability to reach the point of last unloading upon 

reloading in the same stress direction. Fig. 4. shows the cyclic version of this uniaxial 

material model. This steel model along with the aforementioned concrete model are 

employed in the simulation of the standard and prestressed columns tested by Liu (2008). 

 

Fig. 4 - Cyclic uniaxial material model by Menegotto and Pinto (1973). 

 



2.2.3. Unbonded prestressing tendon material model  

Unbonded prestressed tendons were modeled here by “tension-only” bilinear cyclic truss 

elements with an initial stress representing the prestressing force (see elements 2 and 3 in 

Fig. 2b). Elements 4, 5, 6 and 7 in Figure 2b are rigid beam elements connecting the force-

based fibre element (unique along the column height) and these nonlinear truss elements 

(Fig.1 and Fig. 2b). The behaviour of bilinear cyclic nonlinear truss elements exhibiting 

only tensile behaviour is depicted in Fig. 5. The bilinear relation with yield plateau without 

axial strain limit complies with the second assumption of the design material law for 

prestressing steel of Eurocode 2 [EN 1992-1-1 (2004)]. The bilinear model is a good 

representation of the behavior of metals and is often used in earthquake analysis when the 

Bauschinger effect is not important for the simulations.  

 
 

Fig. 5 - Cyclic bilinear uniaxial material model for tension-only unbonded prestressing tendon. 

2.3. Correlation with experimental results 

A remarkable feature of the prestressed concrete column is the rest-position oriented 

unloading hystereses. If one defines the unloaded residual displacement as a residual 

lateral displacement of a column when the lateral force is equal to zero after unloading 

from a maximum lateral displacement, then the unloaded residual displacement is 

significantly smaller in the prestressed concrete column than the standard reinforced 

concrete column. Comparison between the numerical and experimental hysteresis of such 

columns is indicative of the effectiveness of the implemented modelling.  

Fig. 6 shows the effectiveness of the prestressed concrete column (S2) in terms of the 

lateral force vs. lateral displacement hysteresis. The hysteresis of a standard reinforced 

concrete column (S1) is also presented here for comparison. Number and size of concrete 

cracks were smaller in the prestressed column than the standard reinforced concrete 

column during the loading and unloading reversals [Liu (2008)]. Fig. 6 shows that the 

accumulated energy dissipation is smaller in the prestressed column than the standard 

reinforced concrete column as anticipated inherent to the rest-position oriented hysteretic 

behaviour. Therefore, the reason why the energy dissipation is smaller in the prestressed 

column than the standard reinforced concrete columns is that fewer concrete cracks 

dissipate less energy. This effect has to be considered in design based on the total response 

of a bridge/building system.  

Finally, it should be noted that the numerical model doesn’t capture to its fully extent the 

self-centering capacity of the experimental prestressed column with unbonded tendons. 

This limitation could be improved by segmental modelling of the column with more 



nonlinear fibre and truss elements interconnected to laterally constrained intermediate 

nodes. However, the result is compensated by the simplicity of the model to be applied in a 

complete finite element model of a whole structure (bridge or building) and not just a 

component modelling.  

 

Fig. 6 - Correlation of the proposed numerical model with the experimental response of S1 and S2 specimens 

[Liu (2008)] 

3. Conclusions 

This analytical study shows that an improved seismic response by limiting residual 

displacements can be realized through the employment of unbonded post-tensioning 

prestressing cast-in-place column systems. Unbonded prestressing tendons are modelled 

here with bilinear cyclic nonlinear truss elements exhibiting only tensile behaviour in 

collaboration with nonlinear force-based fibre frame element with proper nonlinear cyclic 

constitutive laws for concrete and common steel reinforcement. The comparison results 

between the numerical and experimental hysteresis of such column indicate the 

effectiveness of the implemented modelling. Finally, it is evident that the energy 

dissipation is smaller in the prestressed columns than the standard reinforced concrete 

columns because fewer concrete cracks dissipate less energy. However, prestressed 

concrete columns have been seldom constructed throughout the world in spite of their 

merits. Lack of practice and possible cost increases may be the main reason for limiting the 

implementation of prestressed concrete columns. 
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