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Abstract 

Earthquake collapse of substandard reinforced concrete (RC) buildings, designed and constructed before the development 

of modern seismic design Codes, has triggered intense efforts by the scientific community for accurate assessment of this 

building stock. Most of the proposed procedures for the prediction of building strength and deformation indices were 

validated by assembling databases of RC column specimens tested under axial load and reversed cyclic lateral drift 

histories. Usually a column structural behavior is assessed by considering all involving mechanisms of behavior, namely 

flexure with or without the presence of axial load, shear and anchorage. In the present paper a force-based fiber 

beam/column element was developed accounting for shear and tension stiffening effects in order to provide an analytical 

test-bed for simulation of experimental cases such as the lightly reinforced columns forced to collapse. Their peculiar 

characteristics are the outcome of the shear – flexure interaction mechanism modeled here based on the Modified 

Compression Field Theory (MCFT) and the significant contribution of the tensile reinforcement pull-out from its 

anchorage to the total column’s lateral drift. These features are embedded in this first-proposed stand-alone Windows 

program named “Phaethon” -with user’s interface written in C++ programming language code- aiming to facilitate 

engineers in executing analyses both for rectangular and circular substandard RC columns. 

Keywords: shear-critical columns; MCFT; anchorage pull-out; fiber beam/column element; capacity curve 
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1. Introduction 

Even the most advanced stage of development on seismic design and assessment to date requires some kind of 

nonlinear analysis - either static or dynamic. Such investigations are mostly carried out using frame elements 

with different levels of approximation. Two main approaches are mostly used, classified as lumped-plasticity 

and distributed-inelasticity models. The limitation of lumped plasticity elements is that inelastic deformations 

take place at predetermined locations in the ends of the element. Another, in many respects more serious 

limitation, is the fact that lumped plasticity elements require calibration of their parameters against the response 

of an actual or ideal frame element under idealized loading conditions. This is necessary, because the response 

of concentrated plasticity elements derives from the moment–rotation relation of their components. In an actual 

frame element, the end moment–rotation relation results from the integration of the section response. This can 

be achieved directly with elements of distributed inelasticity ([1], [2]). For the latter approach, the so-called 

fiber beam elements (Fig. 1) provide results that seem to be particularly appropriate for studying the behavior 

of reinforced concrete (RC) structures under reversed cyclic loads: moment-axial force (M-N) coupling is 

readily taken into account, as well as the interaction between concrete and steel in the section. Whereas a few 

fiber beam-column elements have been developed with good capability of reproducing axial force and flexure 

effects, on the other hand, the coupling between the effects of normal and shear forces is not straightforward 

and hence only a few modelling strategies have accounted for, and were fully implemented up till now [3]. 

A common framework, appropriate for the analysis of beam-column elements, is the Euler-Bernoulli 

approach. The fundamental kinematic assumption is that cross-sections remain plain and normal to the 

deformed longitudinal axis. The engineering beam theory reproduces the response of a beam under combined 

axial force and bending moments, while shear forces are recovered from a static equilibrium; the effects of 

shear on beam’s deformation are neglected. Where the effects of tangential stresses are important for the 

element deformation (i.e. in a beam-columns joint or in the column/wall plastic hinge length), more refined 

theories like the Timoshenko beam theory may be used for modeling the member deformation response. 

In the development of a nonlinear frame element, two main approaches have been used, namely the 

displacement-based (stiffness) approach and the force-based (flexibility) approach.  The flexibility-based 

frame element gives the exact solutions for non-linear analysis of frame structures using force interpolation 

functions that strictly satisfy element equilibrium, and impose the compatibility conditions. Accordingly, this 

approach allows the overcoming of some limitations of the stiffness approach. In particular, the nonlinear 

analysis becomes independent of the displacement approximation, it requires fewer elements for the 

representation of the non-linear behavior and, above all, in the case of a Timoshenko element or exact-beam 

theory-element, it avoids the well-known shear-locking problem (a sharp increase in the element stiffness 

which results in far fewer deformations for the element than expected) [4].  

 

 

Fig. 1 – Fiber Element Scheme – definitions [5], [6]. 
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A pre-requisite for incorporating the Timoshenko beam theory (i.e. accounting for shear) into the fiber 

approach, is the use of pertinent constitutive relationships. This includes fiber beam-column elements using 

smeared cracking models. According to this approach, cracked concrete is simulated as a continuous medium 

with anisotropic characteristics. In general, these models are referred to as “smeared cracking approaches” 

since cracking is modelled as a distributed effect with directionality. These approaches are particularly suitable 

for sectional analysis. 

2. RC Sectional Model Based on Modified Compression Field Theory (MCFT) 

Since the end of 1970s, a considerable amount of experimental and analytical research has been conducted 

with the aim of developing analytical procedures capable of estimating the load-deformation response of 

reinforced concrete elements loaded in shear [7]. At the University of Toronto, Collins developed a procedure 

called the compression field theory (CFT) in 1978 [8]. In 1981, a competition was held to predict the load-

deformation response of four reinforced concrete panels tested at the University of Toronto [9], where leading 

researchers from around the world entered predictions based on various constitutive approaches. The results 

indicated that the most highly developed level in analytical modelling at the time was far from satisfactory. 

Generally, the models were not able to adequately estimate the ultimate strength, the failure mode or the load-

deformation response of the panels. Most of the entrants used constitutive theories developed from tests 

conducted on plain concrete specimens; these do not account effectively for the modification of the properties 

of concrete after cracking, that is owing to the interaction between the concrete and steel that governs the 

response of reinforced concrete structures. In an effort to determine more realistic relationships for cracked 

reinforced concrete, Vecchio and Collins [10] tested a series of RC panels. From these tests, the modified 

compression field theory (MCFT) [11] was calibrated by including stress-strain relationships for cracked 

reinforced concrete under plane stress conditions. 

An RC element is homogenized and is treated as anisotropic elastic material shown in Fig.2. Consider 

an elementary panel under constant plane stress, of uniform thickness, containing a rectangular grid of well 

distributed reinforcement. Loads acting on the element’s edge planes are assumed to consist of uniform 

membrane stresses, i.e., axial stresses nx, ny and uniform shear stresses τxy. The deformed shape is defined by 

the strain tensor for plane stresses: 

[

휀𝑥 𝛾𝑥𝑦 2⁄ 0

𝛾𝑥𝑦 2⁄ 휀𝑦 0

0 0 휀𝑧

]                                                                                 (1) 

 

 

Fig. 2 – a) RC smeared-cracking membrane element, b) average strains (Cθ: spacing of cracks inclined at θ) 

c) average stresses and d) local stresses [5], [6]. 
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The MCFT utilizes the following assumptions: 

• The reinforcement is averaged or smeared throughout the element, i.e. the theory applies only to 

adequately-detailed members. 

• The stresses applied to the element are uniform along edges.  

• The total stress state is a function of the total strain state.  

• The reinforcement is perfectly bonded to concrete, so that relative displacement due to bond slip between 

reinforcement and concrete is ignored. 

• The shear stress in reinforcement is neglected.  

• The principal stresses and principal strain axes are coincident; as a consequence, no deviation between 

the two is allowed. 

• The constitutive relationships for concrete and reinforcement are independent. 

• The cracks are smeared and allowed to rotate. 

The theory comprises three sets of relationships: compatibility relationships between average strains of 

concrete and reinforcement, equilibrium relationships between externally applied loads and average stresses 

in the concrete and reinforcement; and uniaxial stress-strain relationships for cracked concrete along the 

principal directions and for reinforcement. The constitutive relationships for cracked concrete result from tests 

of reinforced concrete panels using a purpose-built Panel Element Tester at the University of Toronto. As such, 

the formulation of the MCFT calibrated with the specific tests conducted in the panel tester, incorporates 

realistic constitutive models for concrete based on experimentally observed phenomena. While cracks are 

smeared and the relationships are formulated in terms of average stresses and strains, a critical aspect of the 

MCFT is the consideration of the local strain and stress conditions at cracks (Fig.2d). 

2.1 Constitutive Model based on MCFT for a Fiber RC Beam 

In order to determine the normal and the shear stresses for the i-th fiber/layer (σx
i, τxy

i) of a fiber section of a 

RC beam [12], a bi-axial fiber constitutive model is developed according to the Modified Compression Field 

Theory (MCFT).  The steps and mathematical expressions used to calculate the terms entering equilibrium, 

compatibility and stress-strain relationships are listed in Table 1. For the cross-sectional state-determination 

the following assumptions were made:  

- The longitudinal εx and shear γxy strains are known for each fiber, according to the plane-sections 

assumption and to a parabolic shear strain distribution along the height of the section with the maximum 

value γxy.max located on the neutral axis yna (Eq. (2), two half-parabolas with the same maximum are met at 

the point of neutral axis with different starting point, extreme tensile and extreme compressive fiber 

respectively). 

𝛾𝑥𝑦(𝑦) =  𝛾𝑥𝑦.𝑚𝑎𝑥 ∙ [2 (
𝑦

𝑦𝑛𝑎
) − (

𝑦

𝑦𝑛𝑎
)
2
]                                                (2) 

- The transversal concrete stress fcy was determined for each fiber from equilibrium conditions (zero normal 

stress ny was assumed).  

- The logical flow chart of the iterative procedure used is illustrated in Fig. 3. The parameter sought is the 

angle of principal directions assuming coincident principal axes for concrete principal stress and strain.  

In order to accelerate the convergence of the algorithm to the right value of the angle θ, the initial guess 

value of the procedure for the angle of inclination of principal stresses/strains (angle of principal axis 2 

with respect to x-axis) is determined according to the following equation:  
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𝜃(𝑦) =  
𝜋

4
∙ (

𝑦

𝑦𝑐𝑧
)
3
,   0 < 𝑦 ≤ 𝑦𝑐𝑧

𝜃(𝑦) =
𝜋

4
+ 

𝜋

4
∙ [2 (

𝑦−𝑦𝑐𝑧

𝑦𝑡𝑧
) − (

𝑦−𝑦𝑐𝑧

𝑦𝑡𝑧
)
2
],   𝑦𝑐𝑧 < 𝑦 ≤ 𝑑

                                   (3) 

where y is the location of the concrete layer/fiber (y : zero reference is the extreme compressive fiber, 

Fig.6.1), ycz is the depth of the compression zone, ytz is the depth of the tension zone and d is the total 

depth of the section (i.e., ycz+ytz=d, Fig. 1).  

Fig. 4 depicts the angle shape function along the height of the section according to the above equation 

(d =457 mm, ycz = 280 mm similar to Specimen 1 [13]). The solution to the iterative procedure is reached by 

applying the Regula Falsi root finding a numerical solution [14]. 

Table 1 - Equations embodied in the iterative procedure [12].   

휀𝑥 = 휀𝑐𝑥 , 휀1 = 휀𝑥 +
𝛾𝑥𝑦∙tan(π 2⁄ −𝜃)

2
 , 휀𝑦 = 휀1 −

𝛾𝑥𝑦

2∙∙tan(π 2⁄ −𝜃)
 , 휀2 = 휀𝑥 + 휀𝑦 − 휀1 

𝑓𝑐1 = 𝐸𝑐 ∙ 휀1 for 0 < 휀1 ≤ 휀𝑐𝑟 , 𝑓𝑐1 =
𝑓𝑐𝑟

1+√200𝜀1
 for 휀𝑐𝑟 < 휀1 ≤ 휀𝑦𝑥 ,  

𝑓𝑐2 = 𝑓𝑐2𝑚𝑎𝑥 ∙ [2 (
𝜀2

𝜀𝑐
′) − (

𝜀2

𝜀𝑐
′)

2

] , 
𝑓𝑐2𝑚𝑎𝑥

𝑓𝑐
′ =

1

0.8−0.34𝜀1 𝜀𝑐
′⁄
≤ 1.0, 𝑓𝑠𝑦 = 𝐸𝑠𝑦휀𝑦 ≤ 𝑓𝑦𝑦 

𝑓𝑐𝑦 = −𝜌𝑦 ∙ 𝑓𝑠𝑦, 𝜏𝑥𝑦 =
𝑓𝑐𝑦−𝑓𝑐2

tan(π 2⁄ −𝜃)
, 𝑓𝑐𝑥 = 𝑓𝑐1 − 𝜏𝑥𝑦 ∙ tan(π 2⁄ −𝜃) , 𝐺𝑠𝑒𝑐 =

𝜏𝑥𝑦

𝛾𝑥𝑦
,  

𝐸𝑠𝑒𝑐 =
𝑓𝑐𝑥

𝜀𝑥
, 

𝑡ℎ𝑒𝑡𝑎(휀𝑐𝑥, 𝛾𝑥𝑦) = tan−1 𝑓𝑐1−𝑓𝑐𝑦

𝜏𝑥𝑦
  

𝑓𝑐
′= Concrete Cylinder Compressive Strength (MPa),  

휀𝑐
′= Strain at Concrete Cylinder Compressive Strength, 

 𝐸𝑐= Concrete Elastic Modulus (MPa), 

 𝑓𝑐𝑟= Tensile Concrete Strength (MPa), 

휀𝑐𝑟= Cracking Strain at attainment of Tensile Concrete Strength,  

휀𝑦𝑥= Yielding Strain of Longitudinal Reinforcement, 

 𝐸𝑠𝑦=Elastic Modulus of Stirrups (MPa),  

𝑓𝑦𝑦= Yielding Strength of Stirrups (MPa), 

 𝜌𝑦= Stirrup Reinforcement Ratio. 

2.2 Sectional Model 

Fig. 5 depicts a beam element with its degrees of freedom and its displacement/forces in global, local and basic 

systems of reference. The term “basic” is derived from the system of reference where the rigid body motion of 

the beam is extracted. Considering now the virtual work principle for the beam element of Fig. 5, the Eq. (4) 

can be derived. The external work is done by the end forces (p) on the corresponding displacements (u), 

whereas the internal work is done by the basic forces (q) on the corresponding deformations (v). 
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𝛿𝑢𝑇𝑝 = 𝛿𝑣𝑇𝑞                                                                      (4) 

 

 

Fig. 3 – Flow Chart of the iterative procedure for each fiber/layer of the section according to MCFT [5], 

[6]. 

 

Fig. 4 – Shape function for angle theta (θ) of inclination of principal stresses/strains [5], [6]. 

The internal work of Eq. (4) can be derived from the integral of the stress product with the corresponding 

virtual strains over the element volume V. In many applications of nonlinear structural analysis, the internal 

work is limited to the internal work of normal stress σx and shear stress τ, on the axial strain εx and shear strain 

γ respectively [1]: 

𝛿𝑣𝑇𝑞 = ∫𝛿휀𝑇𝜎 𝑑𝑉 = ∫(𝛿휀𝑥 𝜎𝑥 + 𝛿𝛾 𝜏)𝑑𝑉                                        (5)  
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Fig. 5 – Beam a) displacements and b) forces in global, local and basic reference systems [5], [6]. 

The strain and stress are functions of the position along the element longitudinal axis x and the position 

within the cross section specified in local coordinates y (with respect to the height) and z (with respect to the 

width).  Eq. (5) can be rewritten by substituting the integral over the element volume by integration over the 

sectional area A at a location x followed by integration over the element length: 

𝛿𝑣𝑇𝑞 = ∫(𝛿휀𝑥 𝜎𝑥 + 𝛿𝛾 𝜏)𝑑𝑉 = ∫[∫(𝛿휀𝑥 𝜎𝑥 + 𝛿𝛾 𝜏 )𝑑𝐴] 𝑑𝑥                        (6) 

The strains at a fiber/layer point of the beam cross section (2d case) are related to the sectional 

deformations as follows [7]:  

휀𝑥(𝑥) =  휀0 − 𝑦𝜀 ∙ 𝜑(𝑥)                                                       (7) 

𝛾𝑥𝑦(𝑥) = 𝛾𝑥𝑦.𝑚𝑎𝑥                                                           (8) 

where ε0 is the axial deformation at the center of the coordinate system of the section (center of mass) and yε 

is measured also with reference to this center, φ(x) is the curvature of the cross-section and γxy.max is the 

maximum value of shear strain located on the neutral axis. Therefore, the strains at a material point m of the 

section can be expressed in matrix form as follows: 

휀(𝑥, 𝑦𝜀) = {
휀𝑥

𝛾𝑥𝑦
} = [

1 −𝑦𝜀 0
0 0 1

] ∙ {

휀0

𝜑
𝛾𝑥𝑦.𝑚𝑎𝑥

} = 𝐵𝑠(𝑦𝜀) ∙ 𝑒(𝑥)                    (9) 

𝐵𝑠(𝑦𝜀) = [
1 −𝑦𝜀 0
0 0 1

]                                                    (10) 

The internal resultant forces at the control section are given by: 

𝐴𝑥𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒:    𝑁 =  ∫ 𝜎𝑥𝑑𝐴                                                    (11) 

𝑆ℎ𝑒𝑎𝑟 𝑓𝑜𝑟𝑐𝑒:   𝑉 =  ∫ 𝜏𝑥𝑦𝑑𝐴                                                (12) 

𝐵𝑒𝑛𝑑𝑖𝑛𝑔 𝑀𝑜𝑚𝑒𝑛𝑡:  𝑀 =  −∫𝑦𝜀𝜎𝑥𝑑𝐴                                       (13) 
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These can be written in matrix form as follows: 

𝑓𝑠(𝑥) = ∫𝐵𝑠
𝑇(𝑦𝜀) ∙ 𝜎(𝑥, 𝑦𝜀)𝑑𝐴                                            (14) 

where:  

𝑓𝑠(𝑥) = {
𝑁
𝑀
𝑉

},  𝐵𝑠(𝑦𝜀) = [
1 −𝑦𝜀 0
0 0 1

],   𝜎(𝑥, 𝑦𝜀) = {
𝜎𝑥

𝜏𝑥𝑦
}                          (15) 

Taking into account the section discretization into fibers/layers, the total forces on the beam section are 

easily computed through the summation of the individual fiber contributions: 

𝑁 = ∑ 𝜎𝑥
𝑖𝐴𝑖𝑛.𝑙𝑎𝑦𝑒𝑟

𝑖=1   ,    𝑉 = ∑ 𝜏𝑥𝑦
𝑖 𝐴𝑖    ,    𝑀 = −∑ 𝜎𝑥

𝑖𝑦𝜀
𝑖𝐴𝑖𝑛.𝑙𝑎𝑦𝑒𝑟

𝑖=1
𝑛.𝑙𝑎𝑦𝑒𝑟
𝑖=1             (16) 

where Ai is the area of the i-th fiber/layer.  Normal and shear stress for the i-th fiber/layer (σx
i, τxy

i) are obtained 

from the respective strains using a bi-axial fiber constitutive model according to the MCFT (Fig. 3, 𝜎𝑥
𝑖 = 𝑓𝑐𝑥

𝑖 ).  

In the employed procedure, the section forces are determined based on known sectional deformations; thus, 

for known forces, the iterations are conducted over the values of the deformations within a predefined 

acceptable tolerance for the force magnitudes.  

The procedure for calculating the tangent section stiffness matrix ks is obtained from differentiation of 

the section force vector fs with respect to the section deformation vector e: 

𝑘𝑠 =

[
 
 
 
 
 
𝜕𝑓𝑠1

𝜕𝑒1

𝜕𝑓𝑠1

𝜕𝑒2

𝜕𝑓𝑠1

𝜕𝑒3

𝜕𝑓𝑠2

𝜕𝑒1

𝜕𝑓𝑠2

𝜕𝑒2

𝜕𝑓𝑠2

𝜕𝑒3

𝜕𝑓𝑠3

𝜕𝑒1

𝜕𝑓𝑠3

𝜕𝑒2

𝜕𝑓𝑠3

𝜕𝑒3 ]
 
 
 
 
 

                                                                 (17) 

𝑘𝑠 =
𝜕𝑓𝑠

𝜕𝑒
= ∫𝐵𝑠

𝑇(𝑦𝜀) ∙
𝑑𝜎(𝑥,𝑦)

𝜕𝜀(𝑥,𝑦)
∙
𝜕𝜀(𝑥,𝑦)

𝜕𝑒
𝑑𝐴 = ∫𝐵𝑠

𝑇(𝑦𝜀) ∙
𝑑𝜎(𝑥,𝑦)

𝑑𝜀(𝑥,𝑦)
𝐵𝑠(𝑦𝜀)𝑑𝐴                      (18) 

𝜎(𝑥, 𝑦𝜀) = {
𝜎𝑥

𝜏𝑥𝑦
}  휀(𝑥, 𝑦𝜀) = {

휀𝑥

𝛾𝑥𝑦
}                                               (19) 

𝑑𝜎(𝑥,𝑦)

𝑑𝜀(𝑥,𝑦)
= [

𝐸𝑚 0
0 𝐺𝑚

]                                                        (20) 

where Em and Gm are the tangent moduli of the stress – strain relations at a point m of the section approximated 

here by Esec and Gsec (Table 1, Fig. 3).  

3. Embedded Pushover Algorithm in Phaethon Software 

The simple cantilever column is considered under various load combinations (axial load, moment and shear); 

this represents the shear-span of an actual column under lateral sway, extending from the support to the point 

of inflection (i.e. position of zero moment).  Although from a statics perspective this is a very simple case, its 

numerical simulation with all interacting deformation mechanisms is still yet a very challenging task to 

accomplish. Towards this need and for the case of shear-critical cantilever reinforced concrete columns a 

computer program was developed to be used as a tool for the study of the mechanics of the nonlinear program 
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(software “Phaethon”). In the following section the pushover algorithm embodied in this Windows application 

is presented.  

3.1 Pushover Algorithm 

For the calculation of the lateral load resistance curve of a column shear span under lateral sway, pushover 

analysis is conducted:  Considering a cantilever shear-critical RC column in Phaethon, the sectional model 

(either rectangular or circular) established in the previous Section is employed along with the anchorage model 

in the footing [15],[16] . An increasing lateral point load at the tip of the cantilever is applied (Fig. 6) and a 

unique fiber element is assigned to the entire height of the cantilever column with the number of Gauss-Lobatto 

integration points selected by the user. The user also selects the analysis step of lateral load V to be applied in 

the Pushover analysis, and the total number of steps until maximum load is attained. (Note that the Modified 

Compression Field Theory in the fiber approach as described by Bentz [17] cannot reproduce the descending 

branch of shear-critical columns which is why a load-control procedure was selected to be embedded in 

Phaethon). The maximum load in Phaethon is the load of the last step of convergence of the algorithm in 

incremental form. It should be highlighted that in reality the shear-critical column’s ascending response is 

followed by a descending branch of progressive failure; however, the proposed algorithm is limited by strength 

attainment.  After peak load, the descending branch of the capacity curve is defined as the line connecting the 

maximum load point with the point at axial failure; this is quantified in terms of the drift estimate by Elwood 

and Moehle [18] and 20% of the attained maximum load as residual load at axial failure. 

For each point load at the tip of the cantilever (Fig. 6) the corresponding shear force at the assigned 

column’s sections (integration points) is equal to that load (constant shear diagram). The flexural moment at 

the base of the column, M0, as well as the moment distribution, are both obtained from the lateral load value 

(constant shear force).  The concentric axial load (tensile or compressive) applied at the tip of the cantilever is 

also constant throughout the pushover analysis and along the length of the cantilever and therefore each 

column’s section has an axial force value equal to the one applied at the tip. Following this procedure, the 

vector fs which is the vector of resisting section forces (see previous Section) should converge to the above 

defined section forces based on the moment, shear and axial load diagram of the cantilever column under 

constant axial load and gradually increasing lateral tip point loading.  

The following algorithm is applied in Phaethon to achieve this convergence: 

Given the externally applied section forces s, i.e. an axial force N, a bending moment M and a shear 

force V, the equilibrium equation between applied and resisting section forces is set up: 

                                                              (21) 

The Newton-Raphson algorithm for the solution of the system of three nonlinear equations is: 

1. Given the nonlinear equations su(e) = 0 and a guess of the solution e0. 

2. For i = 0…n determine function value su(ei) and derivatives ks(ei) (see previous Section). 

3. Determine correction to previous solution estimate, Δei = su(ei)/ks 

4. Update the solution estimate:   ei+1 = ei+ Δei  

Return to Step 2 until the error norm is smaller than specified tolerance. On convergence determine the 

resisting forces for the final deformations.  

It should be highlighted that for the cases of “pure compression” or “pure tension” with the angle of 

inclination of principal stresses/strains (angle of principal axis 2 with respect to x-axis) being zero or π/2 

respectively then no iteration is required, but the fiber state determination is defined from the normal strains, 

0)()( =−= efses su
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after referring directly to the uniaxial stress strain laws of the materials (previous Section, Table 1) without 

calculating any rotation for the principal axes. 

After convergence of the section forces is achieved along the length of the cantilever column to the 

correct values based on the corresponding forces’ diagrams along the element due to the applied tip horizontal 

and axial load, the axial deformation, curvature and shear strain is determined for each section. Integrating the 

curvatures (Fig. 6) along the shear span of the cantilever column leads to the rotation of the cantilever column 

due to flexure, which can be easily transformed to lateral displacement due to flexure Δo 
f by multiplying with 

the length of the shear span. Integration of the shear strains (Fig. 6) by sampling a few sections (positions 

defined according with Gauss-Lobatto) along the length of the cantilever column (integration points) leads to 

the lateral displacement Δo
sh due to the shear distortion mechanism of the cantilever column. Finally, the 

rotation and the displacement Δo
sl due to pull-out of the tensile reinforcement (Fig. 6) is determined based on 

the closed-form solution of the governing equation of bond [15],[16]. All the above simultaneous contributions 

(flexure, shear and anchorage) are added together to define the total lateral displacement (i.e., Δo = Δo
f + Δo

sh + 

Δo
sl) of the cantilever column at each lateral load step and to obtain the capacity curve of the column until 

maximum lateral load (Fig. 6). 

 

Fig. 6 – Pushover Analysis in Phaethon [5], [6]. 

4. Correlation with Experimental Results 

This section presents the correlation of the shear-flexure capacity curves obtained from the pushover analysis 

conducted using Phaethon with the experimental response curves of a number of shear-critical RC columns 

selected from literature (Fig. 7). In the correlation are also included curves obtained from flexural fiber 

beam/column-based toolbox FEDEAS Lab [19] and from MCFT-based software and dual-section analysis 

Response 2000 [17]. A satisfactory correlation with experimental results, compared also to what the 

aforementioned softwares provide, is depicted in Fig. 7 especially in terms of maximum load, degradation 

stiffness and ultimate lateral displacement.  

5. Conclusions 

In the present paper a force-based fiber beam-column element accounting for shear effects and the effect of 
tension stiffening was developed, in order to provide an analytical test-bed for simulation and improved 
understanding of experimental cases where testing of reinforced concrete columns actually led to collapse. The 
developed fiber-element is incorporated in the stand-alone Windows program Phaethon with user’s interface 
written in C++ programming language code that offers the possibility to its user to obtain the capacity curve 
for shear-critical reinforced concrete cantilever columns taking into account shear – flexure interaction 
mechanism but also of the important contribution in the final column’s lateral displacement, of the pull-out of 
the inadequate anchorage of the tensile longitudinal reinforcing bars of the column. This is available for both 
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rectangular but also circular reinforced concrete columns. In addition, the software resolves strain, slip and 
bond distributions along anchorage length. Comparison with experimental results from the literature verifies 
the capability of this Windows software tool to assess strength and deformation indices of shear-critical 
reinforced concrete columns. Finally, the moment curvature but also the shear force – shear strain analysis of 
the sections of these columns is also possible, all based on the Modified Compression Field Theory. 

 

 

Fig. 7 – Comparison of the capacity curves provided by Phaethon and other software with the experimental 

responses [13],[20],[21]. 
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